The fracture energy of concrete is a basic material characteristic needed for a rational prediction of brittle failures of concrete structures. The method of experi· mental determination of concrete's fracture energy, and even its definition, has recently been the subject of in· tensive debate. Although in principle the fracture energy as a material property should be a constant, and its value should be independent of the method of measurement, various test methods, specimen shapes, and sizes yield very different results-sometimes differing even by several hundred percent. ) ·7 The crux of the matter is that the fracture of concrete, as well as brittle heterogeneous materials in general, is not adequately described by the classical idealization of a line crack with a sharp tip. In this idealization, which has been introduced for fracture with smallscale yielding in metals,8 the fracture process is as-ACI Materials Journal I November-December 1987 sumed to be concentrated in a zone that is so small compared to the body dimensions that it can be treated as a point. In concrete, the fracture process takes place over a relatively large fracture process zone whose size is, for the usual laboratory specimens, of the same order of magnitude as the size of the specimen itself. In other words, concrete is a material characterized by blunt fracture. The tip of the large visible crack is blunted by a zone of microcracking that lies ahead of the crack tip and is certainly rather long and possibly also quite wide relative to the size of material inhomogeneities.
The fracture energy of concrete is a basic material characteristic needed for a rational prediction of brittle failures of concrete structures. The method of experi· mental determination of concrete's fracture energy, and even its definition, has recently been the subject of in· tensive debate. Although in principle the fracture energy as a material property should be a constant, and its value should be independent of the method of measurement, various test methods, specimen shapes, and sizes yield very different results-sometimes differing even by several hundred percent. ) ·7 The crux of the matter is that the fracture of concrete, as well as brittle heterogeneous materials in general, is not adequately described by the classical idealization of a line crack with a sharp tip. In this idealization, which has been introduced for fracture with smallscale yielding in metals,8 the fracture process is as-ACI Materials Journal I November-December 1987 sumed to be concentrated in a zone that is so small compared to the body dimensions that it can be treated as a point. In concrete, the fracture process takes place over a relatively large fracture process zone whose size is, for the usual laboratory specimens, of the same order of magnitude as the size of the specimen itself. In other words, concrete is a material characterized by blunt fracture. The tip of the large visible crack is blunted by a zone of microcracking that lies ahead of the crack tip and is certainly rather long and possibly also quite wide relative to the size of material inhomogeneities.
The material behavior in the fracture process zone may be described by a strain-softening stress-strain relation or, to some extent equivalently, by a stress-displacement relation with softening that characterizes the fracture process zone over its full width. These mathematical models indicate that the fracture energy is not the only controlling parameter and that the size and shape of the fracture process zone as well as the shape of the softening stress-strain diagram have a significant influence. This is no doubt the source of difficulties and raises a basic question: can the fracture energy, the most important fracture characteristic of the material, be defined and measured in a way that is unaffected by the other influences?
The purpose of the paper is to show that this question can be answered in the affirmative. The key is the size effect-the simplest and most fundamental manifestation of the fracture mechanics aspect of failure. As we will see, if geometrically similar specimens are considered and the failure load is correctly extrapolated to a specimen of infinite size, the fracture energy obtained must be unique and independent of specimen type, size, 
Fig. I-Fracture process zone for normal size laboratory specimens and for extrapolation to infinity
and shape because the fracture process zone in the limit becomes vanishingly small compared to the specimen or structure dimensions. With this asymptotic approach, the argument is reduced to finding and applying the correct size-effect law, Difficult as the precise answer to this question might seem, satisfactory results may nevertheless be achieved with an approximate size-effect law that was recently derived by Bazant on the basis of dimensional analysis and similitude arguments. 9 • 15 BaZant's law was approximately confirmed by comparisons with test data from fracture specimens,II.16 as well as certain brittle failures of concrete structures. 17 . 22 Due to its approximate nature, the applicability range of Bazant's law is limited to a size range of perhaps 1 :20, while for a much larger size range, e.g., 1 :200, a more accurate and more complicated size-effect law would no doubt be required.
Since determination of fracture energy is of interest for finite element programs, we need to demonstrate also that approximately the same values of fracture energy are obtained when the fracture energy value is optimized to achieve the best fit of fracture test data with a finite element prograr.1.
DEFINITION OF FRACTURE ENERGY BY INFINITE SIZE EXTRAPOLATION
The size effect can be isolated from other influences if we consider geometrically similar specimens or structures. As mentioned, for normal-size fracture specimens, the fracture process zone is of the same order of 464 magnitude as the specimen size (see Fig. I ). As already established theoretically as well as experimentally, the fracture process zone size is essentially determined by the size of material inhomogeneities, e.g., the maximum aggregate size. Therefore, the fracture process zone must become infinitely small compared to the specimen if an extrapolation to an infinite size is made, as shown in Fig. 1 . (This in fact achieves conditions for which the small-scale yielding approximation used for metals8.23 becomes valid.) Furthermore, due to the rather limited plasticity of concrete under tensile loadings, the hardening nonlinear zone surrounding the fracture process zone in concrete is rather small, and the boundary of the nonlinear zone lies very close to the boundary of the fracture process zone (see Fig. 1 ). Under this condition, the failure of an infinitely large specimen must follow linear elastic fracture mechanics. Based on this fact, it was shown l6 (see Appendix) that the fracture energy of concrete may be calculated as (1) in which Ee = Young's elastic modulus of concrete; A = slope of the size effect regression plot for failure of geometrically similar specimens of very different sizes,I6 which will be explained later; and g.,(ao} = nondimensional energy release rate calculated according to linear elastic fracture mechanics, which is found for typical specimen ·shapes in various handbooks and textbooks8.23.24 and can always be easily determined by linear elastic finite element analysis; ao = relative notch length = aol d where a o = notch length and d = crosssection dimension.
Since the fracture energy is determined in this method from the size-effect law, its value is, by definition, size independent. This overcomes the chief obstacle of other methods, e.g., the RILEM work of fracture method,4.25 which are plagued by a strong dependence of the measured values on the specimen size. However, another question arises in the size-effect approach: are the G f values independent of the specimen type or geometry?
They must be independent. When the structure is infinitely large and the fracture process zone as well as the nonlinear zone are negligibly small compared to the specimen or structure size, nearly all the specimen is in an elastic state. Now it is well known from classical fracture mechanics that the asymptotic elastic stressstrain field near the crack tip is the same regardless of specimen geometry and the type of loading. This field is known to have the form au = ,-<>, CPu (6) in which au = stress components, r = radial coordinate from the crack tip, 6 = polar angle, and CPu = certain functions listed in textbooks. 8 • 23 Therefore, the nonlinear zones in infinitely large specimens of all types are exposed on their entire boundary to exactly the same boundary stresses. It follows (assuming uniqueness of response) that the entire stress-strain field within the nonlinear zone, including the fracture process zone, must be the ACI Materials Journal I November-December 1987 (a) Individual Tests 0.0 +----.;~-----,s..,t:::r.c=n:-;".trh .,.,Cr""it>=".r:tio:::n:----! 0.0 -t------.r.:tr=."'nc"'th""C"'r"'it""'.r"'io""n--------l Note that for sufficiently small sizes d, the second term in the bracket is negligible compared to 1. This means that UN is proportional to the material strength or yield limit, and this represents the failure condition of plastic limit analysis, characterized by no size effect. In the plot of log UN versus log d, this failure condition is represented by a horizontal straight line [see Fig. 2(a) consists of a gradual transition between these two limiting cases-plastic limit analysis for very small structures and lineF elastic fracture mechanics for very large structures. The limiting cases are known exactly, and the question is the shape of the transition, which is the purpose of Eq. (2) .
The size-effect law in Eq. (2) results by dimensional analysis from the hypothesis that the total energy release W of the structure caused by fracture is a function of: (1) the length a of the fracture, and (2) 
in which fl and Co are empirical constants.
TEST RESULTS
As already mentioned, the validity of fracture energy determination through the size-effect law [Eq. (1)] requires that different types of specimens must yield roughly the same results if made from the same concrete. In the previous studyl6 where Of was first determined from the size effect, test results for only one specimen type-the three-point bent specimen-were used. Therefore, the testing has been expanded to include also other specimen types such as the doublenotched direct tension specimen sketched in Fig. 3(b) and the eccentric compression specimen shown in Fig.  3(c) . Fig. 3(d) shows the stress distribution across the ligament cross section drawn according to the bending theory. Although such stress distributions are unrealistic, they nevertheless reveal the great differences in the type of loading for the ligament cross section. For the notched tension specimen, the entire ligament is subjected to tension, which causes the fracture process zone to become very large. The opposite extreme is obtained for the eccentric compression specimen, for which the major part of the ligament is subjected to ~omp'nsion a nd only. sm all p.n 10 I~n>;on IFi,. 3(d)!. In Ihis ~=. lit< <:OmfH"ts»on ahead of tho . , ad th31 fom .. in tit< tensile zelne p,...-e"t, tM fraau~ proens wne from "",,ominl ,~ry la.lt". The bent specimen is a n'.dium Si, u' lion. in " 'hieh .o u,hl y half of the trOU 5«1 ;0" is ,ubj.cted 10 The .peci men . we"" loadtd . , constant di .p laccmenl rate. For e~c h opc:cimc" lize lhe di.placemen, ~te " ' 1$ .. Ieeted to a chiev. t he maximum load in abou, ~ mint '" 30 sec). 
ANALYSIS OF TEST RESULTS BY
Th. value of T _ I i, used in Fig. 2 . If Eq _ (l) was fol. By plotting the test results for concrete specimens and mortar specimens in the same diagram (Fig. 2) , we are able to extend the size range of the data. Due to this fact, the plots are based on the generalized Eq. (2), which includes the effect of maximum aggregate size [Eq. (4)].
As for the value of exponent r, the overall optimum was found to be 0.954. However, for r = 1 the coefficient of variation of the deviations was only slightly larger. Therefore the value r = 1 is used for the sake of simplicity in all the plots as well as the numerical tables below. Numerically, the test results are summarized in Tables 2 and 3. Tables 2(a) and (b) show the statistical results in which the concrete specimens and mortar specimens are treated separately, i.e., Eq. (2) is used without Eq. (4). Table 3 shows the statistical results when the data for all concrete as well as mortar specimens are treated collectively using both Eq. (2) and (4). ) where A stands for the difference between the measured value and the value according to the equation. The coefficient of variation of these deviations is WYIX' The table also lists the coefficient of variation w~x, which refers to the deviations in terms of UN' Another possibility is to optimize the fit in terms of the deviations in UN, in which case the optimization problem is nonlinear. The fits, however, can be easily obtained with the standard computer library subroutine based on the Levenberg-Marquardt algorithm. The results are shown in Table 2 (b).
The objective of our analysis is the value of G f , which can ~e found by Eq. (1) . Values of gf(cx O ) for the present three-point bent, notched tension, and eccentric compression geometries are 6.37, 0.693, and 1.68, respectively, as calculated by linear elastic finite element analysis. The Ec value is listed in Table 1 for each loading case for concrete and mortar. The G f values in Table 2 is 20 percent. We see that the optimization by linear regression gives somewhat less scattered results, and therefore we will prefer it from now on. It is hard to decide whether the differences in the G j values are purely random or whether they represent systematic differences between various specimen types. By extending the size range of the tests, random scatter can be minimized much more effectively than by increasing the number of specimens. Due to the cost of testing very large specimens, it has been decided to extend the size range in relative terms, Le., in terms of did., by analyzing simultaneously the results for concrete and mortar specimens. The results of such statistical analysis, based on minimizing again the sum I:A (q,v2), are shown in Table 3 . In carrying out the statistical regression, parameter Co, governing solely the effect of aggregate size, has been required to be the same for all three specimen types; its value came out to be Co = 0.64 in. (16.3 m) . The coefficient of variation WY'X in Table 3 1 N/m) , which give the coefficient of variation of 5.8 percent. Since the extension of the range of relative sizes reduces the relative scatter of results, it appears that the scatter is probably indeed of random origin, rather than due to omission of some unknown systematic influence, so the three types of specimens appear to give indeed approximately the same fracture energy value. This is of course to be expected theoretically, but only if the correct size-effect law is known. Thus we may conclude that Eq. (2) with Eq. (4), where r = 1, seems to be an acceptable approximate form of the size-effect law.
The measured maximum load values for all the individual specimens from which the present results were calculated are summarized in Table 4 .
Our finding that the three fundamentally different specimen types yield roughly the same fracture energy is the principal result of the present study. Nevertheless, these results should eventually be subjected to a closer scrutiny using a much broader size range (much larger funds, of course, would also be needed).
It is interesting to determine the optimum fits of the data under the restriction that the G j value be the same for all three specimen types. For this purpose, Eq. (1) with G j from Eq. (2) may be algebraically rearranged to the linear plot Y" = X"IG f + C" (6) in which Y" = q,v2/gAcxo), X" = dlE c , and C" = CIgAcxo)(with r = I), Since for these variables the slope of the regression line is Gf-I (Fig. 5 ) and the fracture energy is a material constant independent of the specimen type, the test results for the three specimen types should be fitted by regression lines with arbitrary vertical intercepts but with the same slope. The test results have been analyzed collectively for all the specimen types under this restriction, and they are shown for concrete and mortar in Fig. 5(a) and (b) . Due to the scatter of the test data apparent in these figures, we cannot say that the test results prove that the slope (and thus the fracture energy) is the same for all the three specimen types; however, we must also admit that these plots do not reveal any systematic deviation from the constant common slope Gj I. To illustrate the scatter more clearly we may shift the data for each specimen type vertically so that the regression lines coincide (the shift being indicated by the vertical intercepts C, for specimen types i = 1, 2, 3). The resulting plot is shown in Fig. 5 
Fig. 5-Plots demonstrating independence of fracture energy from specimen type, (a, c) concrete and (b, d) mortar
seen again that although the large scatter prevents us from concluding that all three specimen types yield the same slope, no systematic deviations from a common slope are apparent.
Comparing the size-effect plots in Fig. 2(a) , (c), and (e), we may note that in the case of the eccentric compression specimen the curve is quite close to the . . asymptote of slope -Yz for linear elastic fracture mechanics, while for the case of tension specimen the curve is quite remote from this asymptote, and for the three-point bent specimen an intermediate situation occurs. From comparisons of these graphs, we may observe that the size range of the tension specimens would have to be increased about 20 times to approach the asymptote as closely as the compression specimen. Obviously, the tension specimen is by far the best for exploring, with relatively small specimen sizes, the behavior near the horizontal asymptote for the strength criterion, and the eccentric compression specimen is best for finding the linear fracture mechanics asymptote, and through it the value of Of. What is the reason for these differences in behavior?
It is the difference in the size of the fracture process zone that causes these behavioral differences, as we will demonstrate by simplified analysis as well as finite elements. The difference can be understood intuitively by considering (according to the bending theory) linearized stress distributions across the ligament as shown in Fig. 3(d) . Even though these stress distributions are no doubt far from the real ones, they make it clear that for the eccentric compression specimen the crack as it extends from the tension notch soon runs into a compression zone, and so the fracture process zone for the eccentric compression specimen can occupy only a small fraction of the ligament. The smaller the relative size of the fracture process zone, the closer the behavior ACI Materials Journal I November-December 1987 .
should be to the limit of linear elastic fracture mechanics. For the tension specimen, on the other hand, the entire ligament is under tensile stress, and so nothing prevents the fracture process zone from being as long as the entire ligament itself. For such a large fracture process zone, the behavior should be close to the strength criterion limit, as corroborated by Fig. 2(c) . For the three-point bent specimen, the size of the fracture process zone is also limited by the compression field of the top side of the ligament [ Fig. 3(d) ], but the tension part of the ligament is larger than it is for the eccentric compression specimen, and so the fracture process zone should be of medium length. This explains why the sizeeffect plots for this type of specimens are intermediate between the tension and eccentric compression specimens of the same exterior dimensions.
It must be emphasized that the size-effect method fails if the size range is insufficient compared to the width of the scatter band of the test results. The relevant data scatter is characterized by the standard deviation A of the regression line slope A and the corresponding coefficient of variation WA> which are defined as (7) where n is the number of all the data points in the linear regression, s< is the coefficient of variation of the X values for all the points, and Sy!X is the standard deviation of the vertical deviations from the regression line. The values of W A are listed in Tables 2 and 3 .
If the size range were so narrow that it would be approximately equal to the width of the scatter band, the data points would fill roughly a circular region (Fig. 6) . One could still obtain a unique regression line, but its
Fig. 6-(a) Size-effect method is inapplicable when the size range is too small compared to scatter; (b, c) size range is sufficient
slope would be highly uncertain and could even come out negative. To prevent this from happening, it is necessary that the value of "' A would not exceed about 0.1.
Even then, by testing very many specimens (large n) one could make "' A sufficiently low even when the data points fiII roughly a circular region rather than an elongated band. To prevent this from happening, one needs to require further that, for any n, the value of It needs to be pointed out also that the size-effect approach can be destroyed by other size effects. Theymay arise from diffusion phenomena, e.g., the heating (and microcracking) caused by hydration heat, which may be significant for very large specimens, or the drying of the specimen, which is more severe for thinner or smaller specimens.
BRITTLENESS NUMBER
Our finding that the size-effect law yields approximately unique G j values regardless of size and geometry makes it meaningful to base on this law a. nondimensional characteristic lS ,30 that indicates whether the behavior of a given specimen or structure is closer to limit analysis or to linear elastic fracture mechanics.
The relative structure size ~ = did. cannot serve as an objective indicator of this behavior. This is clear from the present tests. For ~ = 4, e.g., the behavior of the tensile specimen is (according to Fig. 2) closer to plastic limit analysis based on the tensile strength, while the behavior of the eccentric compression specimen for ~ == 4 is closer to linear elastic fracture mechanics. An objective indicator is the recently proposed Bazant'sll,JO brittleness number /3. It is defined as 472 (8) and can be calculated after ~o has been determined either experimentally or by finite element analysis. The value of (3 == 1 indicates the relative size did at the point where the horizontal asymptote for the ;trength criterion intersects the inclined straight-line asymptote for the energy failure criterion of linear elastic fracture mechanics (Fig. 2) . So /3 == 1 represents the center of the transition between these two elementary failure criteria. For /3 < 1, the behavior is closer to plastic limit analysis, and for /3 > 1 it is closer to linear elastic fracture mechanics. For (3 ~ 0.1, the plastic limit analysis may be used as an approximation, and for /3 ~ 10, linear elastic fracture mechanics may be used as an approximation. For 0.1 < /3 < 10, nonlinear fracture analysis must be used.
To find the brittleness number, one needs to calculate the coefficient A o , which represents the value of did. at the point of intersection of the horizontal straight line and the inclined straight line in Fig. 2 which yields the value of B. Second, solve the structure by linear elastic fracture mechanics, which yields the value of g,. Third, calculate {3 from Eq. (10). This method of calculating {3 requires no laboratory tests. Alternatively of course, the brittleness number of a certain type of structure of a given size can be determined by fitting the size-effect law either to test results or to finite element results for ultimate loads of structures of similar geometry but sizes that differ from the given size. (These finite element results must be based on a softening stress-strain or stress-displacement relation.)
It must be emphasized that the value of B must be calculated by plastic limit analysis rather than an allowable elastic stress formula. 
3L.
The brittleness number can serve as a basic qualitative indicator of the type of response. In this sense it is in fact analogous to the nondimensional characteristics used, e.g., in fluid mechanics, such as the Reynolds number.
Some re~archers have tried to characterize the effects of structure size on the qualitative fracture behavior by means of some nondimensional combination of 0" /,', and Ec. This is, however, insufficient because these parameters cannot reflect differences in structure geometry. For example, CarpinterP2 characterized the effect of structure size on its brittleness by the nondimensional ratio s = 0/ b I: and Hillerborg2l by the nondimensional ratio of some structural dimension to the characteristic length Ich = Ec all,'2, defined in the same manner as the size of the small-scale yielding zone in metals. 8 • 23 However, these nondimensional ratios, i.e., the Carpinteri's and Hillerborg's brittleness numbers, are objective only for comparisons of different sizes of structures of the same geometry. For the same value of either Carpinteri's or Hillerborg's brittleness number, the failure of a structure of one geometry can be quite brittle, i.e., close to linear elastic fracture mechanics, while the failure of a structure of another geometry can be quite ductile, i.e., close to limit analysis.
The effect of structure size on the brittleness of its response is manifested not only in the maximum load but also in the post-peak shape of the load-deflection diagram. As graphically illustrated in Fig. 6 of Reference 15, the total deflection is a sum of the deflections due to the fracture process zone and to elastic strains. As the size is increased, the former remains about the same while the latter increases, causing the post-peak diagram to become steeper and steeper and eventually reverse to a snapback-type load-deflection diagram that . is unstable under both load and displacement controls.
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R·CURVES FOR DIFFERENT SPECIMEN TYPES
According to classical linear elastic fracture mechanics, the specific energy required for crack growth R is constant and equal to the fracture energy 0,. For materials that do not follow linear elastic fracture mechanics, R varies with the length of crack extension from the notch. This variation is described by the socalled resistance or R-curve. When the R-curves were first observed for ductile fracture of metals, it was proposed 33 . 34 that the shape of the R-curve may be considered to be approximately a material property. For concrete, this concept was introduced by Wecharatana and Shah,3l and further refined by Bazant and Cedolin. 36 Analysis of extensive test data from the literature showed that, as a crude approximation, the R-curve may be considered unique for a certain limited range of specimen geometries,36 but it can be very different for some very different specimen geometries. 16 Nevertheless, even though the R-curve is not a unique material property in general, it represents a simple, convenient way to reduce nonlinear fracture analysis to a linear one.
For a specified specimen geometry and type of load-. ing, there is a one-to-one relatio,nship between the sizeeffect law and the R-curve. 16 If one is known, the other can be easily calculated. The method described previouslyl6 has been used to calculate the corresponding R-curves from the size-effect curves in Fig. 2 . They are shown in Fig. 7 . Fig. 7(a) and (c) give the plots of the specifia energy required for crack growth R as a functio'n of the crack length c measured from the notch. Fig. 7(b) and (d) show (for the same crack lengths c) the relative values defined as R for the given specimen divided by R for the three-point bent specimen taken as a reference (by definition, for the threepoint bent specimen the relative values are all 1).
From Fig. 7 we may observe that for the three-point bent specimens and the eccentric compression specimens the R-curves are not too far apart. Therefore, their mean could be used as a material property for a crude approximation. For the tension specimen, however, the R-curve is very different. This proves that in general the R-curve of concrete cannot be considered to be a unique material property. This conclusion, however, does not apply to the asymptotic values.
The asymptotic value of the R-curve (c-+oo) corresponds to the limiting case of elastic fracture mechanics and is determined by the straight-line asymptote of slope -Y2 in Fig. 2 . While the R-curves are very different for small crack lengths, the asymptotic values are nearly the same, up to a reasonable scatter range that is inevitable for a material such as concrete. This conclusion, which is particularly conspicuous from the relative curves in Fig. 7(b) and (d) , is a basic result of this study. Since the final asymptotic value of the R-curve represents the fracture energy 0, as defined in this paper, this conclusion agrees with the previous conclusion that the fracture energies are approximately the same for various specimen types, with a reasonable scatter that appears to be random rather than systematic. ! ........................ : . . . . 
Fig. 8-Extrapolation of R-curves with and without size-effect law
With the help of the R-curves it may be explained why the methods currently used to define and measure the fracture energy do not lead to unique results and exhibit a large spurious dependence on the specimen size. These existing methods generally use the same specimen geometry and dimensions (size) and rely on measurements at various crack lengths or notch lengths. The work of fracture method recently adopted by RILEM 2 s is of that type, as is the ASTM method for the measurement of R-curve. Because the specimens are of one size, the results correspond to a short segment of the size-effect curve, which in turn corresponds to a relatively short segment of the R-curve. This is so, even if the measurements are done at various crack lengths or various notch lengths, as demonstrated by finite element results in Fig. 7 of Reference 16. Thus one obtains for the R-curve a set of measured points occupying only a small part of the R-curve, as illustrated in Fig. 8 . Obviously, extrapolation to c-00 from such data for a limited size range is ambiguous. Due to in-474 evitable statistical scatter, the extrapolated dashed or solid curves in Fig. 8 yield almost equally good fits of the measured data. It must be concluded that the existing methods that do not use specimens of very different sizes are inherently incapable of giving consistent results for the fracture energy as defined here. They yield fracture energy values illustrated by the asymptote of the dashed curves in Fig. 8 , which are usable in the analysis of structures that are not much larger than the specimens tested, but are inapplicable to structures that are much larger.
These difficulties in determination of R-curve from scattered data for a limited size range are further compounded by the fact that the R-curve has to be determined as an envelope of a family of fracture equilibrium curves. 16 ,36 When these curves are scattered, an envelope simply cannot be constructed. 16 
FINITE ELEMENT ANALYSIS OF TEST RESULTS
The size effect in fracture can also be described by finite elements. 16 ,37 By optimizing the material fracture parameters so as to obtain the finite element fit of the present test data, it is possible to obtain the fracture energy_ Is this result approximately the same as the fracture energy value obtained directly from the sizeeffect law?
To answer this question, the present test specimens were analyzed by finite elements in exactly the same manner as described on pages 302 to 303 of Reference 16. The analysis utilizes the crack band model with a square mesh of four-node quadrilateral elements in the fracture region. The fracture is simulated by a band of cracking elements of a single-element width. The cracking is described by gradual strain-softening in the elements of the crack band. To explore the effect of the shape of the stress-strain diagram for strain softening in the crack band, the analyses are carried out both for linear softening [ Fig. 9(a) ], as in Reference 37, and for strain-softening given as an exponential passing through the same peak point [ Fig. 9(b) ]. The fracture energy in this approach is given by the area under the uniaxial tensile stress-strain diagram, multiplied by the width We of the crack band front. This width must be considered to be a material property independent of the element size and represents a certain small multiple of the aggregate size. The finite element solutions are obtained by step-by-step loading. They yield the maximum loads to which the size-effect law can be matched.
The results of the finite element calculations are compared with the direct analysis of test data by the size-effect law in Table 5 and Fig. 10 . The size-effect law results are listed in the first column for G f in Table  5 . The finite element results obtained with linear and exponential strain-softening are listed in the last two columns of Table 5 . These values were obtained by fitting the size-effect law to the finite element results for specimens of various sizes, and then matching the sizeeffect law to the curve [Eq. (2) ] that optimally describes the test data. The fracture energy may then be obtained either from the asymptotic slope for the sizeeffect curve that fits the finite element results (Table 5) , or directly from the area under the stress-strain curve (Fig. 9 ) considered in the finite element analysis, times width We (Table 6 ). For the three types of specimens used, the results are given in the last two columns of Table 5 , separately for concrete and mortar. Since all the specimens were cast from the same concrete, the G f values from finite elements with linear softening were forced to be the same for all the three types of tests (0.230 lb/in. or 40.3 N/m). The exponential softening is always introduced in such a manner that the areas under the stress-strain diagram, and thus also G f , would be the same as for linear strain softening. The results for exponential strain softening (material parameters given in Table 6 ) are different, but only marginally so, and are close to the G f values calculated directly from the size-effect law for each specimen type -for concrete as well as mortar. Compare the columns of Table 5 .
Generally, the finite element calculations indicate relatively good agreement between the G f values that give optimum fits of the measured maximum loads by the finite element program and those obtained by fitting the size-effect law to the measured maximum loads for various specimen sizes. The finite element results in Fig. 10 are compared directly with the test data and the size-effect law fits from Fig. 2 based on both the log (aNI!,') versus log (did.) plot (a, c, and e) and the linear regression plot (b, d, and f). The finite element meshes used to obtain these results are drawn in Fig.  11 . The coefficient of variation WYIX for the linear regression plots is given for each loading case and for both linear and exponential softening. Among these fits, the best that one could hope to obtain is the sizeeffect law, which has an average coefficient of variation of wYlx = 0. the three-point bent, notched tension, and eccentric compression specimens, respectively. For linear softening WYlX = 0.14 and for exponential softening wYIX = 0.20. Linear softening seems to match the test data somewhat better than exponential softening, for this particular set of data. The finite element crack band model can also be used to obtain the R-curves. 16 • 37 The results of such calculations are shown in Fig. 12 . The finite element R-curves obtained for both linear and exponential softening follow the general trend of the R-curves obtained by the size-effect law from the measured maximum loads (Fig.  7) . The linear softening seems to give a slightly better agreement than the exponential softening when compared to the R-curves deduced directly from the test data. .. SHEAR FRACTURE (MODE II) All of our analysis thus far dealt with the opening fracture mode (Mode I). According to test results in a recent paper, 29 the size-effect law is also applicable to shear fracture (Mode II). Shear fracture can be produced on the same specimen as used here for tension and compression, although with a different type of loading, shown in Reference 29. For this loading the fracture energy for Mode II can be calculated from Eq.
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(I) using gf (ao) = 2.93, as indicated by linear elastic fracture mechanics. 8 ,23,24 In finite element modeling, the crack band model is applicable to shear fracture as well, provided the smeared cracks within the finite elements are allowed to be inclined with regard to the crack band, letting them form with the orientation normal to the maximum principal stress. The compression stiffness and strain-softening of the concrete between the cracks, loaded in the direction parallel to the cracks, is taken into account. 29 Tests for shear fracture, comparable with the preceding results, were conducted with the same type of concrete. Therefore, the results for shear fracture are also listed in Tables 7 and 8 . The Mode II fracture energy GV is found to be far larger than the Mode I frac-476 ture energy G f = Gj. This may be explained by compressional resistance to conCI<ete between the cracks in the inclined direction parallel(,to the cracks. 29 The sizeeffect regression plots for Mode II are shown in Fig.  13 (a) and (b) and the finite eleinent results in Fig. 13(c)  and (d) .
Recently, Bazant and Prat 38 applied the size-effect law to Mode III fracture tests of cylindrical specimens with circumferential notches, subjected to torsion, and used again Eq. (1) to determine the Mode III fracture energy of concrete. CONCLUSIONS 1. Fracture energy of a brittle heterogeneous material such as concrete may be defined as the specific energy required for fracture growth when the specimen or structure size tends to infinity. In this definition the fracture energy is a unique material property, independent of specimen size, shape, and type of loading.
2. The foregoing definition reduces the problem to the question as to which form of the size-effect law should be used for extrapolating the test results to infinite size. Although the exact size-effect law is not known, the present test results indicate that Bazant's approximate size-effect law [Eq. (2)], with a correction for the maximum aggregate size [Eq. (4)], may be acceptable for practical purposes.
3. When the present method is used, different types of fracture specimens -such as the edge-notched tension specimen, three-point bent specimen, and notched eccentric compression specimen -yield approximately the same values of fracture energy. The observed scatter range is about the same as the usual range of inevitable scatter for concrete. Thus, the present method of defining and measuring the fracture energy appears to be approximately independent of both the specimen size and type -a goal not yet achieved with other methods.
4. Bazant'sIS.30 brittleness number {3 [Eq. (8) and (10)], based on the size-effect law, may be used as a nondimensional characteristic of fracture similitude, which indicates how close the structure behavior is to linear elastic fracture mechanics or to limit analysis. Bazant's brittleness number, in contrast to Carpinteri's or Hillerborg's, is independent of the shape of specimen or structure, and so it can be used to compare the brittleness of structures of different shapes. For {3 ~ 0.1, the response of a structure of any shape is essentially ductile and plastic limit analysis applies, for {3 ;;?: 10 it is essentially brittle and obeys linear elastic fracture mechanics, and for 0.1 < {3 < 10 the brittle and ductile responses mix and a nonlinear fracture analysis is required.
5. R-curves for various specimen types, calculated on the basis of the size effect from the maximum loads of specimens of different sizes, are very different for short crack lengths but approach a common asymptotic value for large crack lengths.
6. The present test results can be described by the finite element crack band model. The fracture energy values determined from the size effect approximately agree with the fracture energy value. used in the finite element code, which represents the area under the tensile stress-strain diagram multiplied by the width of the cracking element at fracture fronL ACI Materials Journal I November-December 1987 --------------- 
